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Abstract: We study rigidly rotating strings in the near horizon geometry of a stack of 
Neveu-Schwarz (NS) 5-branes. We solve the Nambu-Goto action of the fundamental string 
in the presence of a NS-NS two form {B^ v ) and find out limiting cases corresponding to 
magnon and spike like solutions. 
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1. Introduction 

The conjectured AdS/CFT duality has passed through various nontrivial tests in the 
past by analyzing the spectrum of quantum string states on AdS background and the 
spectrum of the anomalous dimensions of the iV = 4 gauge theory operators in planar 
limit. Especially it has been noticed that in the semiclassical approximation the theory 
becomes integrable on the both sides of the duality. Though finding out the full spectrum 
of string theory in AdS background is difficult, it has been observed that in certain limits, 
for example in large angular momentum sector, the theory Q is more tractable. In this 
region, one can use the semiclassical approximations to find the string spectrum as well (3j. 
The semiclassical string states in the gravity side has been used to look for suitable gauge 
theory operators on the boundary, in establishing the duality. In this connection, Hofman 
and Maldacena (HM) || considered a special limit 1 where the problem of determining the 
spectrum of both sides becomes rather simple. The spectrum consists of an elementary 
excitation known as magnon which propagates with a conserved momentum p along the spin 
chain. Further, a general class of rotating string solution in AdS§ is the spiky string which 
describes the higher twist operators from dual field theory view point. Giant magnons can 
be thought of as a special limit of such spiky strings with shorter wavelength. Recently 
there has been a lot of work devoted for the understanding of the giant magnon and spiky 
string solutions in various backgrounds, see for example in |]]- |22(| . There has also been 
numerous papers devoted for understanding the finite size corrections on these solutions, 



see [23, £4|] and references therein. 

In the present paper we generalize the discussion of spiky string in the near horizon 
geometry of a stack of NS5-branes |25[]. In string theory NS5-branes are interesting because 



in the near horizon limit the theory on the worldvolume correspond to a nonlocal field 



1 The Hofman-Maldacena limit: J — > oo, A = fixed, p — fixed, E — J = fixed 
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theory, namely the little string theory (LST) 2 . Though the LST has not been understood 
properly until now, it seems a good exercise to analyze the solution in various limits and 
find out some operators in dual field theory if possible. The near horizon NS5-brane world 
sheet theory is exactly solvable, so from the bulk theory view point the theory is integrable. 
A little is known about the boundary theory, hence from that prospective it is rather hard 
to make definite statements about the exact nature of the theory. However it is interesting 
to study semiclassical spiky like string solution in the linear dilaton background and look 
for suitable operators in the boundary theory. Indeed such an attempt was made in [25| 
and the giant magnon solution with one angular momentum was found out. However, in 
deriving the same one had to look for limits where the background three form flux that 
supports the NS5-brane background vanishes. We would like to generalize that to a non- 
vanishing three form flux in the present paper. In deriving so, we find out a general class of 
rotating string solutions. In different limit, we found out solutions corresponding to giant 
magnon and spiky like string. The dispersion relation obtained is slightly different from 
that of the usual relation among various charges typically known for the case of two and 
three-spheres. The difference comes about because the presence of the background three 
form flux in the supergravity background which couples to the Fundamental string. The 
results can be compared with that of the solutions in the presence of background Bns-ns 
fields. 

Rest of the paper is organized as follows. In the section-2, we write down the Nambu- 
Goto action for the rigidly rotating string in the near horizon limit of the NS5-brane 
background. We find various conserved charges, namely the total energy E, momenta 
along two angular direction (1^1,(^2) of the 3- sphere in the transverse direction of NS 
5-brane, momenta along the five longitudinal directions of NS5-branes, y l , and another 
conserved charge D related to the radial motion of the string. In section-3, we analyze two 
different limits of the solution which correspond to magnon and single spike string. We 
adopt a particular regularization to find out the dispersion relation among various charges. 
Finally in section-4 we conclude with some discussions. 



2. Rigidly rotating Strings in NS5-brane Background 

In this section we study rigidly rotating string in the near horizon limit of a stack of NS5- 
branes 3 . The classical solution of N NS5-brane is given by the following form of metric, 
NS-NS two form (B^ u ) field and the dilaton, 

ds 2 = -dt 2 + dy 2 + H(r) (dr 2 + r 2 (d9 2 + sin 2 ## 2 + cos 2 Odcfcj) 

Nl 2 

e 2«>-<M = H ( r ^ B = 2N sin 2 Odfa A dfo, H{r) = 1 + — (2.1) 

where y l , i = 5,6,7,8,9 label the world-volume directions of NS5-brane, and H(r) is the 
harmonic function in the transverse space of the NS5-branes, l s is the string length. In 

2 For review, see |2f], p^ ]. 

3 some aspects of string dynamics in NS5-brane background is studied for example in |28| 
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the near horizon limit, r — > 0, one can ignore 1 in H(r), and the solution would look like 
(defining t = y/Nl s t,y~i = y/Nl s yi) 

ds 2 = Nl s 2 I -dt 2 + d6 2 + sin 2 Odtfi + cos 2 Qd$\ + + dy 2 J , 



Nl 



e 2^-M = __s_^ B = 2iVsin 2 Odfa A # 2 , 
To proceed further it is convenient to introduce the variable p that is related to r as 



(2.2) 



p = In 



so that the metric becomes, 

ds 2 = Nl s 2 (~dt 2 + (i6> 2 + sin 2 Bd^\ + cos 2 Bd<\>\ + d/? 2 + dy 2 ) , 



(2.3) 



(2.4) 



with the two form B^ 1( ^ 2 remaining the same. We wish to study rigidly rotating string in 
this background. The Nambu-Goto action of the string in the presence of a background B 
field is written as 4 



.S' / 

2vr 



(2.5) 



where 



~g a p = G^daX^dpX" (2.6) 

is the induced metric on the string world sheet and the pre factor y/\ = N is the 't Hooft 
coupling constant. The Lagrangian is given by 

,2 



£ = -( + e0 ' + sin2 + cos2 i + PP + ViV'if 



.(_j2 + ^2 + sin 2 ^2 + cog 2 + ^2 + ^2 )( _^2 + #,2 + ^2 + ^2 ^,2 + ^2 + ^ 



1/2 



+2sin 2 0(</; 1 ^ 2 -(/; 2 / 1 )) 



(2.7) 



For further analysis we choose the following ansatz 

t = kt; = 8(a); 4>i = vyr + a; <p 2 = v 2 t + <f>(<r); P = mr; yi = v,-j 

The Euler-Lagrangian equations derived from the above action are given by 

_ dC . dC dC 



(2.8) 



(2.9) 



0<J n i l Ct n . — rx 

op op op 



'in the classical approximation (large 't Hooft coupling) we can ignore the dilaton coupling. 



(2.10) 
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dfa 


+ d T 


dC 

ofa 


dC 

ocpi 


rl dC 


+ d T 


dC 

94> 2 


dC 

dfa 


dy'i 


+ d T 


dC 


dC 


dm 


dyi 



First solving and ( |2~TT1 ) we get 

, sin 2 #(a 2 Ci — k^i(7 2 — ff Ci cos 2 + 2kv\v 2 sin 2 0) 
z^2 cos 2 6(kC2 — C\v\ sin 2 6* — 2kv2 sin 2 6*) 

and for 9, we get 



(2.11) 
(2.12) 
(2.13) 

(2.14) 



(rc 2 -<7?)(^isin 2 + <^ 2 cos 2 0) 2 . 2 



sin 2 9 - <f)' 2 cos 2 9 (2.15) 



C?( 



— u? sin 2 9 — vl cos 2 i 



'2 

Note that writing the above two equations, we have made use of the solutions obtained from 



2j) and (fDID . Further, d and C 2 are integration constants and a = \/ k 2 — m 2 — ViV 1 . 



Note also that by looking on the background, the Lagrangian is invariant under the follow- 
ing translation 

t'(r, a) = t(r, cr) + e t , fa (r, a) = fa (r, a) + , fa(r, a) = fa(r, a) + e^ 3 , 

p'(r, cr) = p(r, cr) + e p , y-(r, cr) = ^(r, cr) + e„. , (2.16) 

where et, e^, e^ 2 , e p , e w are constants. Hence the rigidly rotating string has a number of 
conserved charges, namely the total energy (E), angular momenta J\, and J 2 , and D, 
which comes from the translation of p, and five conserved charges, P Vi coming from the 
translational invariance of the metric along y*-directions. We will compute them and find 
out relation between them for different limits where one can compute them easily. 

3. Limiting Cases 

In this section, we will analyze two limiting cases corresponding to the usual single spike 
and giant magnon like solutions respectively. First we will look for the spike solution. 

3.1 single spike 

We choose the constants of motion appropriately, such that 9' — > as 9 — > 5, the values of 
constants we get are 

C 2 = a + 2f 2 , C\u = kv\ (3.1) 
With these constants, the differential equations for 9 and 4> now becomes 

. vi{i>2 + 2a) sin 2 9 



a 2 + 2^ 2 a cos 2 9 — v\ sin 9 



(3.2) 
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and 

, a\/3(yl — v'() sin 9 cos 9\J sin 2 9 — sin 2 9 
a 2 + 2v 2 a cos 2 9 - v\ sin 2 9 

where 



(3.3) 



sinfl 0= a + 2 " 2 (3.4) 



Now we compute the conserved quantities by the following relations. The energy is (define 
T — ^ \ 

E - -2T I' 6 ' — — - 2Tk ^ 2 Z v H / f sin9d9 

Je ~0 T ~dt~ a 2 ^(v 2 -v() Je cos 9 V sin 2 9-shP9~ 

Angular momenta 

r dl d9 dC _ 2Tu x sin 9 [2 (2a + v 2 ) - 3a cos 2 9]d9 



(3.5) 



o ^ r 1 dfl ac 27Vi p sinfl[2(2a + v 2 ) - 3a cos 2 

1 = / ~Zi/ ~ = / = (3-6) 

J$o 9 d(f)i aV3(ff - u{) Je cos 6* V sin 2 6* - sin 2 O 



and 



, (19 i)C 2T [ 2 sm9[2{u 2 -a 2 )- 2,av 2 cos 2 9}d9 

0o & d(p 2 ay/3(v% - v\) Joo cos6»\/sin 2 9 - sin 2 9 

Further we get more conserved quantities defined by 
f 01 d9_d£ _ 2Tm{a 2 - v\) j 

e & dp a 2 ^?>{v 2 -v 2 ) Je cos^sm 2 9 - sin 2 9 

and 

p -2T — — - 2Tv ( a2 ~ y i) / f singdg 
Further, the difference in the angle between two end points of the string is 



. 1 d9dC 2Tm(a 2 -v 2 ) sin9d9 . , 

D = 2T — — = v 17 / = 3.8) 



(3.9) 



2 



A</> - 2 — - 2 ft zy 2 sin 2 fl-2z/ 2 acos 2 fl-a ^ 

Ai «\/ 3 ( l/ 2 ~ u i) A) cos 6* sin 9^/s'm 2 9 - sin 2 6> 

Here we can see that all conserved quantities diverges, but the quantity 

{TAcP - ^E 2 — D 2 — P 2 ) = 2T (| - O ) (3-11) 

is finite. 

Further, one can regularize J\ and J 2 by using the expression for E as follows 

* = * " ^^7^^ ^ 7^ « *o (3-) 

J 2 = J 2 + 2^ 2 - Z? 2 - P 2 = " y==2T C ° S 00 (3 ' 13) 
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and they hold the following dispersion relation 



^i = \Hf-^sin 2 (--#o). (3.14) 



3A . n.7T 

7T Z 2 

As pointed out earlier the above relation should be compared with the dispersion relation 



typically known for the case of S with the presence of field (6), [29| i.e. 



h = \JJ% + ^(1 - V) sin 2 (| - Oo) (3.15) 
3.2 Giant Magnon 

Now we consider the opposite limit, where the constants are 

a = v\, kC 2 = v\C\ + 2kv2 ■ (3.16) 
Substituting these we get the following differential equations for <j) and 9, 

, _ sin 2 Q(v 2 C\ + 2kvi) 
cos 2 Q(v\C\ + 2kv 2 ) 

and 



(3-17) 



, _ sin^A/sin 2 6 - sin 2 9\ 
cos 8 sin 9\ 

where 



(3.18) 



. v 1 C 1 + 2kv 2 , Qin s 



Now the conserved charges become, the energy [E) as 

E = 2T(k 2 - Cj) n smg 

K V / 3(i / 2 - ^i) cos^x/sin 2 ^ - sin 2 6>i 
Angular momenta along 0i and 02 > respectively, are 

2T ft sin6»[3^iK 2 cos 2 6'-(^iC 2 + 2^2Ci + 3^iK 2 )]d6l 
Ji = ~ n , ,: - I 1 r= - = ( 3 - 21 ) 



k 2 ^3(^1 - v\) 701 cos 6* Vsm" t/ - sm" i 



and 



J2 = ~ CT^ Y COsgl ( 3 - 22 ) 
V3(^2 " *t) 

Further conserved charges, derived from the translation along p and along yi are 



D = 2Tm(K 2 - Cp n sinl-. ( ,. ); , ( 

« 2 ^3(z/f - v'l) JBx cos6\fsni 2 6 - sin 2 9~i 



and 

2Tv(k 2 -C 2 ) sin 6(19 



P Vi = / U / — (3.24) 

K 2 A/3(z/f - z^ 2 ) J6»i cos^Vsi^^-sin 2 ^! 



also the difference in the angle between two ends of the string is 

A(f> = 2 —= 7 T-26 l =p (3.25) 

Thus we see that here J2 and A<p are fini te and rest of the quantities diverge. We can 
further rescale the expression for energy \J E 2 — D 2 — P 2 _ as 

^ ^ + ^ 3 ^ ^-^ <326) 

and then obtain the following dispersion relation 



E-J l = ^Jl-^sin 2 ! . (3.27) 

Once again this dispersion relation among energy and angular momenta should be com- 
pared with the relation obtained in case of S 3 in the presence of a NS-NS B field [^|. Note 
that in the above relation, the presence of the charge D {E contains D) does not imply 
any new physical interpretation of the dispersion relation. It simply reflects the fact that 
the motion of the string along the radial direction in the near horizon limit of NS5-brane 
background is free. 



4. Conclusions 

In this paper we have studied rigidly rotating strings in NS5-brane background. We have 
found out a general class of solutions and have studied some limiting cases, which corre- 
spond to spiky strings. In the process we have used a particular type of regularization to 
derive the relationship among various conserved charges. We have found out the dispersion 
relation that is different from the usual dispersion relation of the giant magnon and spiky 
strings on S 3 [16]. This stems from the fact that the F-string couples to the NS-NS -B-neld 



that appears in the supergravity background of a stack of NS5-branes. Hence the solutions 
of the equations of motion for the F-string knows about it. The present study can be 
extended in various directions. First, the finite size corrections can be studied easily by 
following |23[ |. Further it would be challenging to study the boundary theory operators of 
the solutions presented here. 
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